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We  study  the  linear  autonomous^  neutral  system  of  functional  differential 
equations  <zj\c 


(*) 


k' 


Z(t)  +  f(t))  -  v*x(t)  +  g(t)  (t  >  0) 


A 


x(t) 

in  a  fading  memory  space. ^Here  y 
supported  on  [0,“),  finite  wit? 


♦<t)  (t  <  0) 

and  v  are  matrix-valued  measures 

set  to  a  weight  function,  and  f,  g  and 


♦  are  c”- valued,  continuous  or  local ly\ntegrable  functions,  bounded  with 
fjd^yg^  memory  noi^tn.  We  give  sonditions/(i*hi 
solutions  of  can  be  decomposed  into  a  stable  part  and  an  unstable  part. 


sich  imply  that 


These  conditions  are  of  frequency  domain  type.  —We  do^not  need  the  usual 

assumption  that  the  singular,  part „ of  y  vanishes.  9«r  results  can  be  used  to 
( * 

decompose  the  semigroup'  generat  ed  by  IT T  into  a  stable  part  and  an  unstable 
part. 
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SIGNIFICANCE  AND  EXPLANATION 


An  ordinary  time  independent  differential  equation  can  be  written  as  an 
equation  where  the  derivative  x'(t)  of  an  Rn-valued  function  x  at  time 
t  is  a  given  function  of  x(t).  If  one  allows  x'(t)  to  depend  also  on 
earlier  values  x(s)/  -*•  <  s  <  t,  of  x,  then  one  gets  a  functional 
differential  equation  of  retarded  type.  An  even  more  general  equation  is 
obtained  if  one  lets  x’(t)  furthermore  depend  on  earlier  values 
x'(s),  -»  <  s  <  t  of  the  derivative  x1.  Such  an  equation  is  called  a 
functional  differential  equation  of  neutral  type. 

A  frequently  used  technique  in  the  analysis  of  nonlinear  differential  and 
functional  differential  equations  is  the  principle  of  linearization.  This 
means  that  one  replaces  the  original  equation  by  a  linear  equation}  one  then 
obtains  qualitative  information  about  solutions  of  this  linear  equation,  and 
finally  one  tries  to  show  that  the  nonlinear  equation  behaves  approximately  in 
the  same  way  as  the  linear  equation.  Typical  results  obtained  in  this  way  are 
stability  theorems,  bifurcation  theorems,  and  theorems  on  stable  and  unstable 
manifolds.  For  this  approach  to  succeed  it  is  of  crucial  importance  that  one 
should  obtain  a  fairly  detailed  knowledge  about  solutions  of  linear 
equation.  Such  problems  arise  in  a  variety  of  applications. 


In  this  paper  we  study  a  linear  system  of  functional  differential 
equations  of  neutral  type  and  with  infinite  delay.  This  equation  can  be 
written  in  the  form 

<*)  ~  (x(t)  +  D{xt)  +  f(t>)  -  E(xt)  +  g(t)  (t  >  0)  , 


subject  to  the  "initial"  condition  x(t)  *  $(t)  (t  <  0).  Here  f  and  g  are 
given  vector  valued  input  functions,  D(xfc)  is  a  continuous  linear  functional 
of  x(s),  <  s  <  t  and  E( xfc )  is  a  continuous  linear  functional  of 

x(s),  <  s  *  t.  We  show  that  under  suitable  assumptions  motivated  by 

applications,  the  fundamental  solution  of  (*)  can  be  split  into  three 
components:  one  which  is  exponentially  stable,  one  which  is  either 
identically  zero  or  exponentially  unstable,  and  one  which  is  either  zero  or 
gives  rise  to  autonomous  oscillations.  This  is  exactly  the  type  of 
information  that  one  needs  for  attacki**  -  ♦  associated  nonlinear  problems. 
Some  earlier  results  of  the  same  natux.  1st,  but  they  apply  only  to  a 


retarded  equation  (which  one  gets  by  t>*k.i..,.  n  ( xfc ) 
equations  with  finite  rather  than  infinite  delay. 


*  0  in  (*)),  or  to  neutral 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


ON  A  NEUTRAL  FUNCTIONAL  DIFFERENTIAL  EQUATION 
IN  A  FADING  MEMORY  SPACE 

Olof  Staffans 


1.  Introduction 

A  linear,  autonomous,  neutral  system  of  functional  differential  equations  can  be 
written  in  different  way a,  depending  on  which  type  of  solutions  one  is  looking  for.  In  the 
classical  case  the  delay  is  finite,  one  wants  the  solutions  to  be  continuous,  and  therefore 
one  chooses  the  initial  functions  and  the  perturbation  terms  to  be  continuous.  In  this 
case  one  can  write  the  equation  in  the  form 

0,1)  ~  <M*x(t)  +  f(t))  -  V*x<t>  +  g(t)  (t  >  0)  , 

with  initial  condition 

(1.2)  x(t)  -  ♦(t)  (t  <  0)  . 

Here  f,  g  and  $  are  continuous,  Cn-valued  functions,  and  U  and  v  are  matrix-valued 
measures  supported  on  a  finite  interval  [0,r}>  It  turns  out  that  the  same  formulation  can 
be  used  in  the  case  of  an  infinite  delay,  provided  the  measures  li  and  v,  this  time 
supported  on  [0,**),  belong  to  a  suitable  weighted  measure  space,  and  ♦»  f  and  g  are 
continuous  and  belong  to  an  appropriate  fading  memory  space. 

In  a  recent  paper  [3]  John  A.  Burns,  Terry  L,  Herdman  and  Harlan  W.  Stech  have  studied 
the  same  equation  in  the  case  when  the  solutions  belong  locally  to  instead  of  being 

continuous.  In  this  case  (1.1),  (1.2)  is  not  a  well  posed  problem.  One  needs  one  extra 
piece  of  information  to  make  the  solution  unique,  i.e.  one  replaces  (1.1)  by  a  pair  of 
equations 

(1.3)  U*x(t)  +  f(t)  -  y(t)  (t  >  0)  , 

(1.4)  y'(t)  -  v*x(t)  +  g( t )  (t  >  0)  , 

and  adds  the  extra  initial  condition 

(1.5)  y(0)  -  yQ  . 
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A  pair  of  function*  x,  y  ia  called  a  solution  of  (1.2)  -  (1.5),  if  y  is  locally 
absolutely  continuous  on  [0,")  with  y(0)  »  y0,  if  y'  and  x  belong  locally  to  tP , 
and  (1.3)  -  (1.5)  hold  a.e.  (see  (2.11)  below  for  a  definition  of  the  convolutions)  •  The 
only  difference  ooapared  to  (1.1),  (1.2),  is  that  this  tine  U*x(t)  ♦  f(t)  is  well  defined 
only  almost  everywhere,  so  we  have  to  give  the  value  y(0)  explicitly,  instead  of 
calculating  it  from  (1.3).  Again,  the  theory  in  [3}  applies  only  to  the  case  when  the 
delay  is  finite,  but  as  we  shall  see  below,  it  can  be  extended  to  the  case  of  an  infinite 
delay. 

Daniel  Henry  [22]  has  studied  (1.1),  (1.2)  with  finite  delay  and  continuous  solutions, 
and  obtained  exponential  growth  estimates  for  the  solutions .  Let  D(s)  be  the 
characteristic  function  of  the  kernel  in  (1.1),  i.e. 

D<*>  -  *0(T)  -  V(T)  , 

where  S(t)  and  v(t)  ere  the  Laplace  transforms  of  u  and  v.  if  det  D(s)  >*0  on  a 
line  Re  z  «  X,  then  there  is  some  hope  of  splitting  the  solutions  of  (1.1),  (1.2)  into 
two  solutions,  one  which  grows  faster  than  exp(Xt),  and  one  which  grows  slower  than 
exp(At)  as  t  *  •*.  More  specifically,  one  wants  to  get  a  decomposition  «■  «j  ♦  Xy, 
where  xg  la  a  "stable*  solution  of  (1.1)  (but  does  not  necessarily  satisfy  the  initial 
condition  (1.2)),  and  Xy  is  an  "unstable"  solution  of  the  homogeneous  equation 

(1.6)  -ST  <W*x<t>>  -  «*x(t)  (-»  <  t  <  •)  . 

at 

Observe  in  particular  that  we  want  Xy  to  satisfy  (1.6)  also  for  negative  values  of  t. 
Indeed,  Henry  [22]  succeeds  to  get  such  a  decomposition,  if  inf_  .  |det  D(s)  I  >  0,  M 

has  no  singular  part,  and  f  «  g  »  0  (Henry  also  studies  the  nonhomogeneous  equation,  and 
a  nonlinear  equation) .  As  far  as  we  know,  the  question  of  what  happens  when  l>  has  a 
nonzero  singular  part  has  been  open.  Similar  decomposition  theorems  have  been  proved  by 
Toshiki  Naito  [41],  [42]  for  the  retarded  equation  (which  one  gets  by  replacing  M*x  by 
x)  with  infinite  delay  in  an  L^-setting,  and  for  even  more  general  "phase  spaces".  This 
time  the  "stable"  solution  xg,  ys  satisfies  (1.3),  (1.4),  and  the  "unstable"  solution 

xa»  yu 
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(1.7)  li*x(t)  -  y(t)  {-«•  <  t  <  “)  , 

(1.8)  y' (t)  -  v*x(t)  (-•  <  t  <  »)  . 

Observe  that  if  (1.1).  (1.3)  and  (1.4)  are  homogeneous,  i.e.  f  »  g  «  0 ,  then  both  the 
stable  and  the  unstable  component  satisfy  the  original  equation,  except  for  the  initial 
conditions . 

Here  we  develop  a  decomposition  theory  which  applies  to  neutral  (as  well  as  retarded) 
equations  with  (finite  or)  infinite  delay  in  a  continuous  and  a  iP  setting.  We  do  not  have 
to  assume  that  the  singular  part  of  u  vanishes,  although  the  result  that  we  get  permits  a 
stronger  decomposition  when  it  does  vanish.  On  the  other  hand,  our  setting  is  less  general 
than  e.g.  the  abstract  phase  space  discussed  in  [20]. 

2 .  On  Some  Fading  Memory  Spaces  Compatible  with  a 
Weighted  Measure  Space 

There  exists  an  extensive  theory  on  spaces  of  fading  memory  type;  see  e.g.  [4]  -  [9], 

[15],  [20],  [27],  [34],  [37],  [41]  and  [42]  ([37]  contains  a  fairly  complete  discussion  of 

the  theory  prior  to  1977).  It  is  a  common  feature  in  fading  memory  spaces  that  the  norm  of 

the  translation  operator  T  ,  defined  by 

n 

(2.D  Th*(t)  “  ♦(t+h>  «  *>  » 

plays  a  crucial  role  when  one  investigates  asymptotic  properties .  The  norm  of  the 
translation  operator  is  a  submultiplicative  function,  and  we  get  a  connection  to  the  theory 
of  weighted  measures  in  e.g.  [13],  [30]  by  choosing  the  weight  of  [13],  [30]  to  be 
essentially  the  norm  of  the  translation  operator.  Actually,  below  we  use  this  idea,  but 
formally  we  proceed  in  a  slightly  different  way.  we  first  define  the  ooncept  of  a 
'dominating  function*  P(h),  and  then  introduce  some  fading  memory  spaces,  in  which  the 
norm  of  the  translation  operator  is  dominated  by  P(-h). 

We  call  P  a  dominating  function  on  R,  if  P  is  strictly  positive,  continuous,  and 
satisfies 


(2.2) 


P(S'tt)  <  P(s)P  (t)  (s,t  e  R)  t  P(0>  -  1 


The  condition  (2*2)  is  the  sans  as  ths  condition  (2.1)  in  [30],  plus  the  additional 
P(0)  •  1.  We  call  n  an  influence  function  dominated  by  P,  if  n  is  continuous, 
strictly  positive,  and  satisfies 

(2.3)  n(s+t)  <  p(s)n(t)  (s,t  e  R)»  n(0)  -  i  . 

Observe  that  (2.3)  implies  (replace  t  by  s+t  and  s  by  -s) 

(2.4)  p(s)n<t)  <  n(s+t)  (a,t  e  R)  , 
where  p  is  the  function 

(2.5)  P(t)  ■  (P(-t))"1  (t  6  R)  . 

Moreover,  it  ie  easy  to  see  that  both  p  and  P  are  influence  functions  dominated  by  P, 

and  that  every  Influence  function  0  dominated  by  P  satisfies 

(2.6)  P(t)  <  n(t)  <  P(t)  <t  e  R)  . 

We  warn  the  reader  that  our  definition  of  an  influence  function  is  not  quite  the  standard 
one.  In  general  one  defines  the  functions  1  and  P  only  on  R  •  (-“,0)  or  on 

R+  -  10,*)  instead  of  R.  We  could  do  so  also  here,  i.e.,  follow  [4]  and  work  with  one 

dominating  function  on  R+  and  another  on  R~,  but  the  present  approach  simplifies  the 
basic  theory  considerably. 

We  let  M(PrC)  be  the  set  of  all  complex,  locally  finite  measures  on  R  such  that 

(2.7)  III!  -  /R  P(t)d|ll|(t)  <  -  . 

*  n*n 

Here  |u|  is  the  total  variation  (measure)  of  M*  Let  C  be  the  set  of 

nxn- dimensional  complex  matrices,  and  let  M(PiCn*n)  be  the  matrix-valued  analogue  of 

M(PrC)  (this  time  one  uses  a  matrix  norm  when  one  computes  the  total  variation  ||i|  of 

W). 

In  the  sequel  we  shall  define  function  spaces  with  values  in  either  C,  c"  or  cn*n. 

Most  of  the  time  it  is  irrelevant  in  which  space  the  values  of  the  functions  lie,  and 

therefore  we  do  not  specify  this  space  explicitly.  In  the  same  way,  it  is  often  irrelevant 

in  which  space  the  values  of  our  measures  lie,  and  we  abbreviate  both  M(P>C)  and 
n*n 

M(P»C  )  by  M(P ). 

for  every  influence  function  n  dominated  by  P,  we  let  BCgln)  be  the  set  of 
continuous  functions  ♦  on  R  satisfying 
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11m  n(t)$(t)  -  0  , 

t*±m 

with  norm 

(2.8)  “  sup  n(t)|<Mt)l 

teR 

He  show  below  that  these  spaces  are  contained  in  the  space  BUC(h)  or  "uniformly 
continuous"  functions,  defined  as  follows.  A  continuous  function  ♦  on  R  belongs  to 
BUC(n)  if  the  norm  in  (2.8)  is  finite,  and  if  it  is  uniformly  continuous  in  the  sense 
that 

lim  It*  -  $«  -  0  , 

h-0  h 

where  T  is  the  translation  operator  defined  in  (2.1).  By  (2.6), 
n 

BC0 (P)  CBC0(n)  CBCq(P),  and  BUC(P)C  BUC(n)  C  BUC(P)  . 

we  let  Lp(»l),  1  <  p  <  °»,  be  the  set  of  measurable  functions  on  R  satisfying 

I ) I  <  *,  where 
P 

(2.9)  Ifl  -  (/_  (H(t) |<Mt> |)pdt)1/p  . 

p  R 

m 

The  space  L  (n)  is  defined  analogously,  with 

(2.10)  «  ess  sup  n  (t )  |  ♦  (t)  I  . 

teR 

Observe  that  BUC(n)  C  lT(n),  and  that  for  ♦  e  BOC(I),  one  may  write  l$l  »  (cf. 

(2.8)).  Moreover  LP(P)  C  x,P(n)  ClP(P),  1  <  p  < 

One  can  define,  at  least  formally,  the  convolution  of  a  measure  U  e  M(P)  and  a 

function  ♦  6  1PPI),  1  <  p  <  by 

(2.11)  U**(t)  -  /  dp(s)iHt-s)  . 

If  P  ”  {p^}  raatrix“va^ue<5'  an<J  ^  “  HjJ  is  vector-valued,  then  P*t  in  (2.11) 
should  be  interpreted  as  the  vector-valued  function  whose  jth  component  is  P^*^ , 
with  analogous  definitions  when  P  is  complex-valued  and  ♦  is  vector-valued,  etc. 

Lemma  2.1.  For  every  P  e  M(P),  the  convolution  operator  ♦  ♦  P*t  maps  Lp(1), 

1  <  p  <  *,  BUC(n)  and  BCq ( n )  into  themselves,  and 

(2.12)  ly*$l  <  Ipl 
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Actually,  the  proof  given  below  shows  that  u*  also  naps  the  subspaces 


e  BUC(n)  |  n(t)$(t)  *  o  (t  ♦  «)}  and  (♦  e  Buc(n)  |  n(t)<Mt)  +  o  (t  ♦  -*)}  of 
BUC(h)  Into  themselves. 

Proof.  The  function  s  »  $(t-s)  Is  measurable  with  respect  to  V  for  almost  all  t  9  R 
(24,  Theorem  13.9  and  Lema  20.7],  so  the  convolution  In  (2.11)  Is  well  defined,  provided 
we  can  show  that 

|U|  *  leKt)  -  JR  | $ ( t*s)  | d [ U f  (s) 

Is  finite  a.e.  However,  by  (2.3),  with  t  replaced  by  t  -  s,  and  (2.11)  , 

(2.13)  n(t) |u*$|(t)  <  n (t) ! w |* I ♦  I ( t)  <  (P|ul)  *  (n|4>|> <t)  , 

so  (2.12)  follows  from  e.g.  [24,  Theorem  20.12],  and  (2.11)  converges  almost  everywhere. 

CO 

If  ♦  e  L  (1)  Is  continuous,  then  (2.11)  converges  everywhere,  and  we  may  replace  the  norm 
In  (2.12)  by  the  norm  defined  In  (2.8). 

If  ♦  9  BUC ( n ) ,  then  It  <y*4)  -  p*$l  -  ly*(T  4  -  $)'  <  I y I  lx*  -  *1  *  0  (h  ♦  0), 

n  h  h 

so  u**  e  Buc(n) . 

In  Lemma  2.2  below  we  prove  that  BCQ(n)  C  BUC(n).  This,  combined  with  the  previous 

paragraph,  shows  that  Is  continuous  whenever  ♦  9  BCQ(1).  Let  ♦  9  BUC(n)  satisfy 

0(t)4(t)  +0  (t  ♦  -).  Then  by  (2.11)  and  (2.13), 

n(t) |p*4(t) |  <  (  /  +  J  )n(t-s)|*(t-s)|P(s)d|iJ|(s) 

<-~.t/2]  (t/2 ,«) 

<  /  P(s)d||i|(s)  •  sup  n(8)l$(8)| 

<-**,t/2]  S>t/2 

+  /  P<8)d|p|(s)  •  sup  n(s)|*(s)|  *0  (t  ♦  «)  . 

<t/2,»)  8<t/2 


The  same  computation  shows  that  n(t)M*$(t)  *0  (t  ♦  -“)  whenever  n(t)+(t)  +  0 
(t  +  -00) ,  so  W*$  9  BCq  (h)  whenever  ♦  9  BC  ^n)  . 

Lemma  2.2.  The  translation  operator  T^  Is  bounded  In  Lp(n),  1  <  p  <  ",  with 

(2.14)  It  *1  <  P(-h)l$l 

h  p  p 

It  is  strongly  continuous  in  BCg(H),  in  BUC(n)  and  In  L^(n)  for  1  <  p  <  *•.  In 
particular ,  BCgfn)  C  BUC(O). 


□ 


Lemma  2.2  la  essentially  contained  in  [4,  Remark  3.2]. 

Proof.  That  the  translation  operator  is  strongly  continuous  in  BUC(n)  is  built  into  the 

definition  of  BUC(O).  That  (2.14)  holds  follows  from  (2.12)  and  the  fact  that 

®  .  *♦  where  6  is  the  unit  point  mass  at  -h.  If  ♦  is  continuous  and  has 
n  -n  -n 

compact  support,  then  ♦  $  uniformly,  and  in  Lp(n)  for  1  <  p  <  ".  The  set  of 

n 

continuous  functions  with  compact  support  is  dense  in  BCg(n)  and  in  L  (n)  for 
1  <  p  <  *,  and  this  together  with  the  fact  that  the  translation  operator  is  bounded 

O 

implies  the  strong  continuity  in  BC^ (n)  and  L  (D),  1  <  p  <  “ . 

□ 

Lemma  2.3.  Let  a  e  Lp(p),  and  ♦  @  Lq(n),  where  1  <  p  <  ",  and  1/p  +  1/q  “  1. 
Then  a**  e  BOC(h),  and 

(2.15)  la**l  <  lal 

p  q 

If  1  <  p  <  “,  then  a*$  e  BC  (n). 

Proof .  That  (2.15)  holds  and  that  n(t)a*$(t)  +  0  (t  ♦  ±")  when  1  <  p  <  •  follows  from 
(2.13)  and  Holder's  inequality  (see  e.g.  [24,  p.  295]).  The  uniform  continuity  is  due  to 
the  fact  that  translation  is  continuous  in  LP(P)  for  1  <  p  <  «•,  and  in  Lq(n)  for 
1  <  q  <  “. 

a 

We  say  that  an  Influence  function  n  has  the  relaxation  property,  if 

(2.16)  n  (t)  -  o(P(t))  (t  ♦  --)  . 

Obviously,  the  function  P  itself  never  has  the  relaxation  property,  and  by  (2.6),  a 
necessary  and  sufficient  condition  for  the  existence  of  an  influence  function  dominated  by 
P  with  the  relaxation  property  is  that  P  has  the  relaxation  property .  again ,  we  warn 
the  reader  that  our  definition  of  the  relaxation  property  is  related  to  the  relaxation 
property  in  e.g.  [4],  but  not  Identical  to  it.  They  become  approximately  identical  if 
P(t)  3  1  for  t  <  0  (cf.  lemmas  2.4  and  2.6  below). 

Lemma  2 .4 .  Let  h  be  an  Influence  function  with  the  relaxation  property,  and  let 
*  e  bcq ( n ) ,  *  e  Lp(n),  1  <  p  <  ".  Then  *rt +  »  -  o(p(-t))  and  |Tfc*,p  -  o(P(-t)>  as 
t  * 
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Proof .  We  only  prove  the  statement  concerning  9,  the  proof  for  9  being  completely 
analogous  . 

Fix  e  >  0.  Choose  T  so  large  that 

(2.17)  sup  n(t)|9(t>|  <  t  . 

It  |  >T 

Define 

(2.18)  $  -  sup  P  (t>  I ♦  (t)  |  , 

-T<t<T 

and  choose  S  so  large  that 

(2.19)  p(t)n(-t)  <  e/B  (t  >  s)  . 

Use  (2.3),  (2.4)  and  (2.17)  -  (2.19)  to  get  for  t  >  S, 

P(t)lx  41  «  p(t)  sup  n(s) |9(s+t) { 

C  sSR 

<  P(t)  sup  9(S)|9(S+t)|  +  P(t)  SUp  n(s)|9(s+t)| 

|s+t|>T  |s+t|<T 


<  sup  n(s+t) |9(s+t) |  +  p(t)n(-t)  sup  p (s+t) 1 9 (s+t) | 
|s+t|>T  |s+t|<T 


<  c  +  p(t>n(-t)B  <  2e  . 

This  shows  that  p(t)lxt9>  *  o  (t  ♦  *) . 

□ 

The  spaces  BCq(9)  and  Lp(9)  are  defined  in  such  a  way  that  9  e  BCQ(n)  iff 
n9  8  BCg,  where  BCp  is  the  set  of  continuous  functions  vanishing  at  ±“»  and 
9  e  Lp(9)  iff  n9  e  LP,  where  tP  is  the  standard,  non-welghted  LP -space .  A  similar 
result  is  true  for  BOC(n). 


Lemma  2.5.  9  8  BUC(h)  iff  n9  8  BOC,  where  BOC  is  the  set  of  bounded,  uniformly 


continuous  functions  on  R. 


Proof  ♦  Clearly  *9*  <  "  iff  n9  is  bounded,  so  it  suffices  to  show  that  the  two  concepts 


of  uniform  continuity  agree.  We  have  to  show  that 


lia  sup  n(t) |9(t+h)  -  9(t)|  »  0 
h*0  t8R 
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11m  sup  |n(t+h)*(t+h)  -  I  -  0 

h*o  teR 


Mien  one  studies  a  nonlinear  neutral  functional  differential  equation  (e.g.  with 

finite  delay)  it  is  often  of  crucial  importance  to  know  that  the  trajectories  of  bounded 

solutions  are  relatively  compact <  He  shall  not  discuss  the  nonlinear  equation  in  this 

paper,  but  we  want  to  reoord  the  following  compactness  result  for  future  use. 

Lemma  2.6.  Let  P  be  a  dominating  function  satisfying  p<t)  =  1  (t  8  R“),  and  let  h  be 

an  influence  function  dominated  by  p,  with  the  relaxation  property.  Let  V  be  a  Bet  of 

continuous  functions  ♦  on  R  satisfying  8  BCq(R”iO)  for  t  8  R+.  Then  the  set 

e  V,  t  8  R+)  is  relatively  compact  in  BC^fR'ib)  iff  for  every  T  >  0,  the  set 

V  is  uniformly  bounded  and  equloontlnuous  on  (-T,0*),  and 

(2.21)  lim  sup  n(t) |*(t) |  -  0  . 

$ev 


One  could  prove  Lemma  2.6  by  essentially  repeating  the  argument  used  by  Yoshiyuki  Hino 
in  the  proof  of  his  corresponding  compactness  lemma  [27,  Leona  4} .  However,  we  prefer  to 
give  a  slightly  different  proof . 

Proof .  That  (2.21)  is  a  necessary  condition  for  relative  compactness  follows  from  the  fact 

that  the  set  {AQ»p | <(>  e  v)  is  totally  bounded,  and  each  ♦  8  V  satisfies 

lim  n(t)iMt)  ■  0.  On  each  interval  (-T.0) ,  n  is  bounded  away  from  zero,  so  relative 
00 

compactness  in  BCfl (R  jh)  implies  relative  oompactness  in  BCt-T.O)  ,  the  set  of  bounded 
continuous  functions  on  [-T,0J,  with  the  maximum-norm.  Thus,  if  I ♦  e  V,  t  8  R+)  is 

relatively  compact  in  BCg(R-;n),  then  by  the  converse  of  As coil’s  theorem,  the  set 
{♦(s+t)  | $  e  V,  t  e  R+)  is  uniformly  bounded  and  equi continuous  for  -T  <  s  <  0.  But  this 
implies  that  V  is  uniformly  bounded  and  equioontinuous  on  each  Interval  [*T,®1,  as 
claimed. 

Conversely,  suppose  that  for  each  T  >  0,  V  restricted  to  t-T,"l  is  uniformly 

bounded  and  equicontinuous ,  and  that  (2.21)  holds.  He  claim  that  this  implies 

(2.22)  lim  sup  n(s)|$(s+t)l  -  0 

s*-~  *ev 
tSR 


Define 

(2.23) 


h(t)  «  sup  h(t) |$(t) I 

♦ev 
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Then  h(t)  *0  (t  +  -*•),  and 

(2.24)  sup  h(t)  -  N  <  *  . 

t8R 


Put 

(2.25) 


g(t)  -  n(t)  sup  . 

t<a<“  n(a' 


Then  g(t)  >  h(t)  (t  6  R)  .  Observe  that  by  (2.3)  and  our  assumptions  on  P, 
n(t)  <  P(t-s)Ks)  <  n(s)  for  t  <  s,  so  n  is  nondecreasing.  This  fact  together  with 
(2.24)  and  (2.25)  yields  g(t)  <  N  (t  6  R> .  Vte  claim  that  g(t)  *  0  (t  ♦  -») .  Fix 
€  >  o,  and  choose  T  so  small  that  h(t)  <  e  (t  <  T) .  Then  for  t  <  T, 


g(t)  <  n(t)  sup  +  e  . 

T<S<-  n(S> 

Thus,  as  n(t)  *  0  (t  +  -"),  we  have  g(t)  <  2E  for  t  sufficiently  small,  so  indeed, 
g(t)  *  0  <t  ♦  --). 

By  (2.23),  every  ♦  e  V  satisfies 

|*(s)|  <  h(s)/n<s)  <  g(s)/h(s)  (s  e  R>  . 

It  follows  from  (2.25)  that  g/n  is  nonincreasing,  and  so  also 
|xt*(s)|  -  |»(s+t)l  <  g(s+t)/n(s+t) 

<  g(s)/n(s)  (t  e  r+,  s  e  R)  . 


This  proves  (2.22). 

ha  BC0(R~ih)  is  a  Banach  space,  it  suffices  to  prove  that  8V,  t  8  R  }  is 

relatively  sequentially  oompact.  Take  sequences  ^  8  V  and  t^  8  R+»  By  Mooli's 

theorem,  we  can  find  subsequences  (which  we  again  denote  by  and  t^)  and  a  continuous 

function  such  that  t  4  ♦  *  uniformly  on  compact  subsets  of  R.  Fix  e  >  o.  Then, 

\  * 

because  of  (2.22),  we  can  find  a  number  T  <  0  such  that 

sup  n(s)|t  ♦  (s)l  <  e,  sup  n(s)|4*(s)|  <  e  . 

S<T  Ck  *  *<T 
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Moreover , 

* 

(3.2)  M(P)  C  Mtexp(-Xtl)  for  every  X,  P*  *  X  <  P 
The  bilateral  Laplace  transform  of  a  measure  V  if  defined  by 

(3.3)  P(z)  -  JR  e“ztdu(t)  (P.  <  Re  *  <  P*)  . 

Equivalently,  define  ez(t)  «  expUt),  observe  that  e^  e  BUC(PiC) ,  and  define 

(3.4)  5(z)  -  ye^OI  <p.  <  Re  *  <  P*)  . 

Let  q,  r  e  M(P).  Then  the  mapping  ♦  ♦  q*(r*$)( 0)  is  continuous  form  BCQ(P) 
into  C  (or  Cn  or  cn  n),  and  by  the  Riesz  representation  theorem,  it  is  induced  by  a 
measure  a  e  M(p),  i.e.  we  can  find  a  measure  s  e  M(P)  such  that 

s**(0)  -  q«(r«$)(0)  . 

We  define  the  convolution  q*r  of  q  and  r  to  be  this  measure  s.  Then  by  definition 

<q«r>*$(0)  -  q*(r*$) (0)  , 

and  as  translation  commutes  with  convolution,  we  get 

(3.5)  (q*r)»*  -  q*(r*$)  . 
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Once  one  knows  that  (3.5)  holds  for  ♦  8  BC^fP),  one  can  show  that  it  must  also  hold 

for  ♦  e  BUC(n),  and  for  ♦  8  Lp(n),  1  <  p  <  “  (in  an  almost  everywhere  sense),  where  n 

is  an  arbitrary  influence  function  dominated  by  P.  If  ♦  e  Lp(n),  1  <  p  <  “,  then  we  can 

find  ♦  e  BC.(P)  n  Lp(n)  such  that  is  arbitrarily  small.  As  (3.5)  holds  for  *, 

0  p 

and  the  convolution  operator  is  continuous  in  L^(P),  we  get  (3.5)  for  every  ♦  8  L^fn)  . 

If  ♦  8  IMP),  then  we  can  find  I  such  that  ♦  is  Borel  measurable,  that  ■  0, 

and  sup  n(t)i(t)  <  “.  if  ♦  e  BUC(P)  then  take  ♦  »  We  can  then  find  a  Borel 
teR 

measurable  sequence  ♦  e  l'(P)  (or  ^  e  BC.(p)  in  the  continuous  case)  such  that 
n  n  o 

n(t)4>  (t)  is  uniformly  bounded,  and  i(i  (t)  ♦  $(t)  polntwise.  By  Lebesque's  dominated 
k  n 

convergence  theorem, 

(q  «  r)  *  i(t)  -  lim  (q»r)  *  *  (t) 
n*“ 

*  lia  q  •  (r  •  *  )(t>  “  9  *  U  *  ♦>(« 
w*** 

(the  second  equality  holds  a.e.  in  the  iT-case,  and  everywhere  in  the  continuous  case. 
Thus,  if  4>  e  BUC(n),  then  (3.5)  holds  everywhere,  and  if  ♦  e  L°*(n) ,  then  (3.5)  holds 
almost  everywhere. 

If  one  applies  (3.5)  with  +(t)  »  exp(zt)  and  uses  (3.4),  then  one  gets 
(q*rf(z)  ■  q(z)r(z)  . 

In  particular,  the  notion  of  convolution  defined  here  is  equivalent  to  the  notion  used  in 
(13]  and  [30] . 

The  following  lemma  characterizes  those  measures  in  M(P)  whose  (distribution) 
derivative  also  belongs  to  M(p). 

* 

Lemma  3.1.  Suppose  that  p,  q  8  M(P),  and  that  for  some  l  8  R,  P,  <  X  p  , 

(3.6)  zp(z)  -  q(z)  (Re  z  »  A)  . 

Then  p  la  Induced  by  a  function  a,  i  .e .  dp(s)  ■  a(s)ds,  which  is  locally  of  bounded 
variation,  and  whose  measure  derivative  da  equals  q.  In  particular,  da  e  M(p). 
Conversely,  suppose  that  a  8  l'(P),  and  da  e  M(p).  Then 

(3.7)  za(z)  -  (daHz)  (P.  <  Re  z  <  p*)  . 
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Proof .  Define  dp^(t)  -  expl-Xt)dp(t) .  Then  p ^  is  a  hounded  measure,  in  particulsr,  it 
is  a  tempered  distribution,  whose  (distribution)  Fourier  transform  p^(iu)  equals 
p(X+iw)  (u»  e  R) .  The  Fourier  transform  of  the  distribution  derivative  pj^  of  p^ 
equals  iuip(  X+iu)  (at  e  R) ,  so  the  transform  of  Xp^  ♦  pj^  equals  (X+iw)£( X+iu) 

(«>  S  R).  On  the  other  hand,  this  is  also  the  transform  of  q^,  defined  by 
dq^(t)  *  exp(-Xt)dq(t) .  Thus,  Xp^  +  pj^  »  q^.  In  particular,  p j  “  q^  -  Xp^  is  a  finite 
measure,  hence  is  induced  by  a  function  of  bounded  variation.  This  means  that 

p  is  induced  by  a  function  a  which  is  locally  of  bounded  variation,  and 
X  exp(-Xt)a(t) dt  +  d(exp(-Xt)a(t) )  »  exp(-X)dq(t)  . 

But  d(exp(-Xt)a(t) )  «  -X  exp(-Xt)a(t) dt  +  exp(-Xt) da(t) ,  so  we  get  da(t)  *  dq(t)  • 

The  converse  statement  is  proved  in  a  similar  way.  One  gets  (3,7)  in  the  distribution 
sense  on  all  lines  of  the  form  Rez«X,  p#<X<p  ,  even  without  the  assumption 

A 

da  e  M(p).  As  da  C  M(P),  we  know  that  (da)(z)  is  a  continuous  function,  and  this 
makes  (3.7)  hold  in  the  classical  sense. 


D 

liemma  3 ,2 .  Let  u  e  M(p),  and  let  a  e  l/(P)  with  da  e  M(P)  ,  Then  U*a  is  locally  of 
bounded  variation,  and  d(u*a)  ■  U*da  e  M(P) . 

Proof .  Fix  any  X,  p^  <  X  <  p  .  By  Lemma  3.1,  on  the  line  Re  z  -  X, 
z(U*af(z)  «  zw ( z) a ( z)  •  u(z)(za(z))  -  p(z)(daAz) 

-  (W*daMz)  . 

Thus,  by  Lemma  3.1,  M*a  is  locally  of  bounded  variation,  and  d(u*a)  »  u*da. 

n 

The  following  lemma  plays  a  crucial  role  in  our  study  of  the  differentiability 
properties  of  functions  in  BUC(n)  and  Lp(n)»  1  <  p  <  *. 

Lemma  3,3.  Define  S^(t)  -  1/h  (-h  <  t  <  0)  i_f  h>0,  5^ (t)  «  -1/h  (0  <  t  <  -h)  if 

h  <  0,  and  “  0  otherwise  ■  If  ♦  8  Lp(n),  1  <  p  <  ",  then  *  ♦  +  ♦  _in 

Lp(n)  a£  h  *  0.  The  same  statement  is  true  with  LP(H)  replaced  by  BUC(n),  and  by 
BCpfn> . 
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The  iP  version  of  Lemma  3*3  is  essentially  contained  in  [37,  lemma  2.4,  p.  73].  As 

h  ♦  0,  once  can  regard  S  as  an  approximation  of  the  unit  point  mass  4  at  zero.  The 

proof  of  l  'n«na  3.3  given  below  could  easily  be  extended  to  other  "approximate  identities" 

than  4  . 
n 

Proof .  First  consider  the  case  ♦  8  BUC(n).  We  have  to  show  that 

n(t)  /°h  4 (t— s)  ds  -  ♦(t)| 

tends  to  zero  as  h  ♦  0,  uniformly  in  t.  Write  this  expression  as 

n(t)  |/£*h  («(.)  -  4(t) )ds | 

<  n (t )  | /£***  |4(s>  -  ♦(t)ldal  . 

As  ♦  8  BUC(n),  It  *  -  41  *  0  (h  ♦  0),  which  means  that  for  every  e  >  o,  we  can  find 
n 

Y  >  0  such  that  for  all  s,  t  8  R  with  |s-t|  <  Y, 

1<t)  (♦(S)  -  4<t>  |  <  t  . 

Clearly,  this  implies  that  IS  *4  -  4>  <  £  for  0  <  |h|  <  Y,  and  we  have  proved  that 

n 

4  *4  *  4  in  BUC(n)  whenever  4  6  B«C(h)  .  If  4  e  BCfn),  then  by  Lemma  2.1  and  2.2, 
n  o 

4  *4  @  BC„(n),  and  by  the  preceding  argument,  5  *4  *4  in  BC„(n). 
no  no 

Next  consider  the  case  4  e  LP(h),  1  <  p  <  “.  If  4  is  continuous  and  has  compact 

support,  then  5  *4  ♦  4  uniformly,  and  also  in  Lp(h)  as  h  *  0.  The  set  of  functions 
n 

of  this  type  is  dense  in  LP(n),  so  4  »4  ♦  4  for  every  4  e  LP(n). 

n 

□ 

As  a  corollary  we  have  the  following  lemma. 

Lemma  3 .4 .  If  4  is  locally  absolutely  continuous  with  4*  e  LP(n),  1  <  p  <  ",  then 

t.  4  -  4  8  Lp(1),  and  h-1(t.  in  Lp(n),  as  h  ♦  0.  Then  ths  same  statement 

n  _  n  **  —  —  ~ 

is  true  with  LP(n)  replaced  by  BUC(n),  and  by  BCg(n>. 

This  follows  directly  from  Lemma  3.3,  because  h  %t  4  -  4)  -  4 

n  n 
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We  let  w1 ,p<n ),  1  <  p  <  be  the  set  of  locally  absolutely  continuous  functions 

♦  6  Lp(n)  satisfying  *•  8  Lp(n).  Similarly,  let  BUc’(n)  (and  Bc’(n))  consist  of 
those  continuously  differentiable  functions  *  e  BUC(h)  (or  *  8  BC^ (hi)  such  that 
*•  e  buc(i)  (or  *'  e  Bc0(nn. 

Lemma  3.5.  Let  P  6  M(p),  and  *  e  W1,p(nl,  1  <  p  <  “.  Then  U**  6  W1,p<n),  and 
h_1(Th(u«*)  -  y**)  ♦  y**'  in  Lp(h|  as  h  ♦  0.  In  particular.  (y**)‘  -  U**'.  The  same 
statements  are  true  with  W1,p(0)  replaced  by  BUC^fn)  and  bv  BCg(n),  and  LP(1) 
replaced  by  BUC(h)  and  by  BCQ(n). 

This  follows  again  directly  from  Lemma  3.3,  combined  with  Lemsta  2.1. 

Lemma  3.6.  Let  a  e  L*(p)  with  da  8  M(P),  and  let  ♦  8  LP(n),  1  <  p  <  **.  Then 
a**  8  W1,p(n>,  and  h-1(Th<a**)  -  a**)  ♦  da**  in  Lp(n)  as  h  ♦  0.  In  particular. 

(a  *  ♦  )*  -  da  *  *.  The  same  statements  are  true  with  W1,p(n)  replaced  bv  BUc'jn),  and 
by  BCp(n),  and  Lp(nj  replaced  by  BUC(h)  and  by  BC^th). 

Proof.  Clearly  it  suffices  to  show  that  h  "* ( t.  (a**)  -  a**)  ♦  da**  in  B(nl  whenever 
'  n 

*  8  B<n>,  where  B(n)  is  one  of  the  spaces  LP(n),  1  «  p  <  ",  BOC(h)  or  BC0(nl.  By 

Lemma  3.3,  5  *  (da**)  ♦  da**  in  B(h)  as  h  ♦  0.  However,  4  *  (da**)  “  (**da)  •  *, 
n  n  n 

and  *h*da  is  almost  everywhere  defined  by  the  function 
4  *da(t)  -  h_1(a(t+h)  -  a(t))  . 

Thus, 

«h  *  (da**)  -  h_1((Tha)  *  *  -  a**) 

-  h"Vh(a**)  -  a**)  , 


so  h  '(t  (a**)  -  a**)  ♦  da**  in  B(h),  as  desired, 
n 


□ 


Lemma  3.7.  W1,p(n)  C  ECglh)  for  1  <  p  <  *>,  and  W1'"^)  C  BUC(H). 


Proof.  Take  *  e  W1,p(n),  1  <  p  <  ", 


and  use  (2.3)  to  get 
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iih+  -  ♦«  -  *upteR  n(t) -  ♦(!> | 


<  «upteR  Mt)  I /^+h I ♦  * 

<  (  .up  ^r^r) (*up  lj*+h  h(s) I ♦* (a) Ida |) 

t8R  '  '  t8R 

ls-t|<|h| 

<  (  .up  p(v))(sup  n(s)  IV(.)ld.|)  . 

|v|<|h|  ten 

The  first  factor  sup  P(v)  is  bounded  as  h  ♦  0,  and  the  aeoond  factor 
|v(<|h| 

•up  I I***  H(s) (s) Ids | 
tan 

tends  to  sero  as  h  ♦  0,  because  »)♦’  belongs  to  the  standard,  non-weighted  iP -space 
over  R.  This  proves  that  ♦  8  BOC(n). 

Nov  suppose  that  p  <  “.  Then  by  Lena  2.5  and  the  preceding  result,  is 

uniformly  continuous  and  belongs  to  (without  weights),  so  n(t)6(t)  ♦  0  as  t  ♦  ±“ . 

□ 

Remark  3.8.  Lassus  2.2  and  3.3  -  3.6  are  also  true  when  p  ■>  ”,  i.e.  with  Lp(n) 
replaced  by  L  (n) ,  and  W1,p(n)  replaced  by  (n),  provided  one  throughout  replaces 

the  strong  convergence  with  weak* -convergence .  This  follows  from  the  fact  that  thane 
lemmas  are  true  in  L1  (n ) ,  where 
(3.8)  n(t>  -  (n(-t))-1  (t  8  R)  , 

m  1  % 

and  that  L  (fl)  can  ba  identified  with  the  dual  of  L  (H)  through  the  duality  mapping 

<♦,*>  -  ♦**(0)  . 

Observe  that  n  is  an  influence  function  dominated  by  p  iff  n  is  so . 

4.  A  Modified  Problem 

Me  shall  now  turn  to  our  study  of  (1.1),  (1.2)  or  (1.2)  -  (1.5)  in  a  fading  memory 
space.  Let  >  be  a  dominating  function  or  R+,  1  .e .  a  positive,  continuous  function  on 

R*  satisfying 
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<4- 1 )  P(»+t)  <  P(s)P(t)  (8,  t  6  R+) ,  P(0)  -  1  . 

In  addition,  assume  that 

(4.2)  p.  -  -  inf  lQ2  P-L*1  -  -  n.  <  -  , 

t>0  *  t«- 

(cf.  [30,  §21  ) ,  and  suppose  that 

(4.3)  P(t'ex? :i*t)  is  nondecreasing  . 

When  (4.1)  -  (4.3)  hold,  oi»<*  m r-j  t ■■t—.-d  P  to  a  dominating  function  on  R,  as  defined  in 
Section  2,  by  putting 

(4.4)  »;**)  “  exp(-P#t)  <t  <  0)  , 

and  in  the  sequel  we  t^r^^v-jus.1  i.iaume  that  (4.4)  holds  (although  other  extensions  are 
possibles  cf.  [31].  We  denoted  the  subset  of  M(p)  than  vanishes  on  (-“,0 )  by 
M(R+jP). 

In  the  sequel  we  shall  not  deal  with  (1.1),  (1.2)  or  (1.2)  -  (1.5)  directly,  but 
rather  with  modified  versions  of  these  equations.  The  iP  case,  i.e.  the  modifications  of 
(1.2)  -  (1.S)  is  slightly  simpler,  so  we  treat  this  case  first.  In  (1.2)  -  (1.5),  let 
U,  v  e  M(R+,p,CnXn),  f,  g«  LP(R+»n>Cn),  and  *  8  LP(R-»n>c“) ,  where  1  <  p  <  -,  and  n 
is  an  influence  function  dominated  by  P.  Redefine  x  and  define  y  for  t  <  0,  and 
♦  for  t  >  0  by 

(4.5)  x(t)  -  0  (t  <  0)  , 


(4.6) 

(4.7) 
Define 


y(t) 


{ 


0  (t  <  -1)  , 

<1+t)y0  (-1  <  t  <  0)  , 


*(t)  -  0  (t  >  0)  . 


(4.8) 


(4.9) 


f,(t) 


9,(t) 


f  y(t)  (t  <  0)  , 

l  w*$<t)  +  f(t)  <t  >  0)  , 

(  y'(t)  (t  <  0)  , 

Vv**(t)  +  g(t)  (t  >  0)  . 


-  ,  -V  r.  • 
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Then  ♦  ,  f|,  g?  e  BUC(RiniCn),  with  f 1  and  g1  depending  linearly  and  continuously  on 
♦  ,  f  and  g,  and  (1.1),  (1.2)  are  again  transformed  into  (4.10),  (4.11),  but  this  time 
with  the  initial  conditions  (4.12),  (4.13).  If  f,  g  e  BCQ(R+»h>  Cn),  then 
f,.  <?,  e  BC0(R;n>cn). 

We  call  p  atomic  at  zero,  if 
(4.17)  det  P  ( {o) )  f  0  , 

i.e.  p  has  an  invertible  point  mass  at  the  origin.  We  assume  throug  \out  below  that 
(4.17)  holds,  as  one  usually  does  when  one  studies  a  neutral  equation  (if  (4.17)  is 
violated,  then  the  equation  may  become  advanced  rather  than  neutral).  Thanks  to  the  fact 
that  our  initial  data  vanish  for  t  <  -1,  one  can  apply  existence  and  uniqueness  results 
for  the  case  of  a  finite  delay,  to  show  that  (4.10),  (4.11)  with  initial  conditions  (4.5), 
(4.6)  or  (4.12),  (4.13)  has  a  unique  solution  on  R  (see  [3]  for  the  L^-ease  and  e.g.  [18, 
p.  275]  for  the  continuous  case).  However,  in  general  (4.10),  (4.11)  also  haB  solutions 
which  do  not  satisfy  the  initial  conditions,  and  these  will  play  an  important  role  in  the 
sequel.  We  shall  solve  (4.10),  (4.11)  by  using  ‘resolvents*  or  ‘fundamental  solutions*. 

The  resolvent  which  vanishes  for  t  <  0  will  give  the  solution  of  (4.10),  (4.11)  which 
satisfies  the  right  initial  condition,  and  the  other  resolvents  will  be  used  in  our 
decomposition  of  solutions  into  stable  and  unstable  components. 

5.  On  the  Resolvents 

If  one  applies  the  Laplace  transform  to  (4.10),  (4.11),  and  solves  for  x,  y,  then 
one  gets,  at  least  formally, 

(5.1)  x(z)  «  D  '(iH^li)  -  zfjU))  , 

(5.2)  y(z)  -  U(z)D  \  z  )g  j  ( z)  -  v(z)D  '(zl^^z)  , 

where 

(5.3)  D(z)  -  zp(z)  -  v(z)  . 

Still  proceeding  formally,  suppose  that  r  is  a  function,  locally  of  bounded  variation, 
such  that 
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(5 .4 ) 


r (*)  -  D-1 (z)  . 

Than  the  solution  of  (4.10),  (4.11)  should  be  given  by 

(5.5)  x  -  r*g1  -  dr*^  , 

(5.6)  y  -  U*r*g1  -  v*r*f1  . 

In  the  sequel  we  make  this  formal  argument  precise. 

Me  follow  R.  L.  Wheeler  (45]  and  G.  S.  Jordan  and  R.  L.  ttieeler  (31),  and  define  the 
determinant  measure  det  p  of  P  by  computing  the  formal  determinant  of  p,  but 
replacing  all  pointwise  multiplications  by  convolutions .  More  precisely,  if  p  *  (P^. ) # 
then 

det  P  -  I  sign(T)p  *  >* . »nT{n>  , 

res 

n 

where  Sn  is  the  group  of  permutations  of  (l,...,n).  As  P  8  M(p»Cn  n)  is  supported 

on  R+,  we  have  det  P  6  M(PjC),  and  det  P  is  supported  on  R+.  Split  det  P  into  its 

discrete,  singular  and  absolutely  continuous  part 

det  p  -  (det  P).  +  (det  P>  +  (det  P>  , 
d  8  a 

just  in  the  seam  way  as  in  131].  Finally,  define 

A 

(5.7)  0  -  {A  >  p#  | inf | ( det  P)d(*  +  io>>  I  >  l(det  P>8'x>  , 

«BR 

where 

(5.8)  I (det  P)s«x  -  exp(-lt) d| ( det  M>a I { t)  . 

Below  we  work  most  of  the  time  in  measure  spaces  different  from  our  original  measure 
space  M(P).  Define 

(5.9)  nx(t)  -  e"Xt  (t  e  R)  , 


(5.10) 


n«  «,<*> 

p,a 


(  e-6t  (t  8  R*)  , 

l.-*  (t  8  R+)  . 
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Then  Is  a  dominating  function,  and  so  is  hg  Q  if  a  <  6.  Define  M^  and  g  to 

be  the  measure  spaces  M,  «  M(n,l,  and  M_  „  «  M(n.  ).  Observe  that  .  ■  M_  <3  M-, 
a  a  a,[i  B,a  o,B  a  B 

and  that  M(R+iP)  C  Mq  g  for  all  a,B  satisfying  p#  <  a  <  B.  Let  l'  and  L^  g  be  the 

corresponding  spaces  of  integrable  functions,  contained  in  M.  and  M  _.  As  in  (5.8),  we 

a  u,  p 

denote  norms  in  M.  and  L.  by  •  I,,  and  norms  in  .  and  l'I  „  by  I  I  a. 

A  A  •*  A  a,B  a,B  a,B 

In  the  sequel  we  throughout  let  5  stand  for  either  the  scalar-valued  or  the  matrix- 

n*n 

valued  unit  point  mass  at  zero.  He  use  I  to  denote  the  identity  matrix  in  C 
In  our  first  theorem  we  construct  solutions  r^  to  (5.4). 

Theorem  5.1.  Let  l  C  H,  and  assume  that  det  D(z)  0  on  the  line  Re  z  »  X.  Then 

there  exists  a  unique  r^  e  L.J  with  dr^  e  such  that 

(5.11)  dr^  *  U  -  r^*v  -  u*dr^  -  v#rx  ”  ®  • 

Moreover,  r^  e  lJ  and  dr^  e  for  some  e  >  0.  I£  A  «  p#,  and 

*  -am 

(5.12)  inf  |  (det  U)_(P.  ♦  i»)  I  >  Jn  P(t)d|(det  W)  |(t)  , 

_  d  w  0  8 

<U6R 

then  r^  e  l\p)  and  dr^  e  M(p). 

The  proof  given  below  is  adapted  from  (31). 

Proof.  To  get  uniqueness  it  suffices  to  observe  that  (5.11)  and  Lemma  3.1  imply 

zrx<z)M(z)  -  r^(z)v(z)  -  I  (Re  z  •  A)  . 

hence 

(5.13)  rA(z)  -  0_1(z)  (Re  z  -  A)  , 

and  that  a  function  in  L^  is  uniquely  determined  by  its  Laplace  transform  on  the  line 
Re  z  ■  A . 

Suppose  that  we  can  find  t  >  0,  a  function  r^  e  L^  ^+e  such  that  (5.13)  holds,  and 
a  measure  s^  e  M^  such  that 

(5.14)  s^(z)  “  zD  (Re  z  ”  A) 

Then,  by  Lemma  3.1,  r^  is  locally  of  bounded  variation,  and  dr^  »  s^.  Define 

t*  -  drx*U  -  r^v  . 

Then,  for  Re  z  »  A, 
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t^(z)  -  zr^(z)U(z)  -  r^(z) v(z) 

-  D*1  (z)  (zD(z>  -  v(*) )  .  i  , 

so  tj  *  5,  i.e.  drr*y  -  r^*v  “  In  the  same  way  one  shows  that  ysdr^  “  v*r\  “  ®*  80 

Is  the  solution  of  our  problem. 

It  remains  to  find  e  >  0,  e  ^+e  and  s^  e  satisfying  (5.13)  and 

(5.14) .  As  A  CO,  we  have 

inf  I ( det  u)  (A  +  iw)|  >  I (det  w)  I.  , 
i*R  °  8 

and  so  by  the  uniform  continuity  of  (det  P).(z)  in  Re  z  >  A,  we  can  find  e  >  o  such 

d 

that 

(5.15)  inf  | ( det  |i>  (z> |  >  l(det  U)  I. 

A<Re  z<A+e  °  8 

In  particular, 

lira  inf  |det  U(z)  |  >  0  , 

I*!"** 

A<Re  z<A+e 

and  as  (det  D(z))/z  -  det  M(z)  ♦  0  (|z|  ♦  “,  A  <  Re  z  4  A+e),  we  must  have 

lim  inf  |det  D(z)|  >  0  . 

It!*** 

A<Re  z<A+e 

In  the  strip  A  <  Re  z  <  A+e  det  D(z)  is  analytic,  so  it  can  have  only  finitely  many 
zeros  there.  By  decreasing  the  value  of  r- ,  if  necessary,  we  may  assume  that 

(5.16)  det  u(z)  +  0  (A  <  Re  z  <  A+e)  . 

It  follows  from  (13,  Satz  7]  and  (5.15)  that  (det  (J).  +  (det  M)  has  an  Inverse  q 

d  8 

in  i.e.  there  exists  a  measure  q  8  such  that 

(5.17)  {(det  M).(z)  +  (det  M)  (z)]q(z)  ■  1 

d  8 

for  A  <  Re  z  <  A+e.  Fix  an  arbitrary  a  <  A,  and  define  e(t)  »  exp (at)  (t  >  0), 
e(t)  »  0  (t  <  0).  Then  e  e  and  e(z)  •  (z-a)  write  (5.13)  in  the  forra 

r^(z)  ■  D  1 (z)  »  e(z)(M(z)  +  e(z|(aw(z)  -  v(z))]  1 

e(z)q(z)  adj  [u (z) +4 (z ) (ay (z)-O(z ) ) 1 
q(z)  det  (i(z)+e(z) (ai(z)-v(z) )) 
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namely 


where  adj(li(z)  +  e(z)(aii(z)  -  v(z))]  le  the  adjoint  of  the  matrix 
W(z)  +  e(z)(a|j(z)  -  v(z)).  This  matrix  is  the  transform  of  a  measure  in  M^ 
the  matrix-valued  measure  one  gets  by  talcing  the  formal  adjoint  of  w  +  a*  (ap-v) , 
replacing  multiplications  by  convolutions .  Thus,  if  we  can  invert  the  denumerator  in 

(5.18) ,  then  (5.18)  defines  a  measure  in 

Observe  that  det[U  +  e*(OM-'))]  has  the  same  discrete  and  singular  parts  as  det  |i 
(because  e» (<xm— v )  is  absolutely  continuous).  This,  together  with  (5.17),  implies  that 
q(z) dettu(z)  +  e(z) (au(z)  -  v(z)>)  -  1  +  q(z)h(z)  , 
where  h  is  the  absolutely  continuous  part  of  det[P  +  e* (ap-v)] .  Moreover, 

1  +  q(z)h(z)  «  (det  D(z) )q(z)e(z)  -  g  for  X  <  Re  z  <  X+e.  Apply  e.g.  [30,  Theorem  2.3) 
to  get  a  function  d  8  lJ  ^  such  that 

[1  +  q(z)h(z) ]  1  »  1  +  d(z)  (X  <  Re  z  <  X+€)  , 

This  means  that  (5.18)  becomes 

(5.19)  r^(z)  *  e(z)q(z)  <1+d(z) )  adj[p(z)  +e(z)(ap(z>  -  v(z))] 

This  is  a  sum  of  products  of  transforms  of  measures  in  multiplied  by  tht 

transform  e(z)  of  e  8  LjJ  ^ .  Thus,  (5.19)  defines  as  an  element  "j,1  . 

TO  get  a  solution  s^  8  M^  of  (5.14)  we  multiply  (5.19)  by  z,  *r,t  observe  taaz 

ze(z)  «  1  +  oe(z)  (X  <  Re  z  <  X+e )  . 

Thus, 

8X(Z)  -  (1  +  ue(z) )q(z) (1  +  d(z))adj[M(z)  +e(z)(op(z)  -  v(z)J  , 
and  this  defines  s^  as  an  element  of  M^ 

Essentially  the  same  argument  gives  the  special  claim  r^  6  L1(P)  and  dr^  8  M(P) 
when  X  «  p^,  and  (5.12)  holds. 


Recall  that  p  is  atomic  at  zero,  if  det  p({<>}>  +  0. 

Theorem  5.2.  Let  p  be  atomic  at  zero .  Then  there  exists  a  constant  d  *  p#  such  that 
(d,“)  C  0,  and  det  D(z)  y  0  for  Re  z  *  d.  Moreover,  rd  vanishes  for  t  <  0,  and 

for  every  X  >  d,  where  r.  and  r.  are  the  resolvents  constructed  in  Theorem 


Proof .  The  proof  of  Theorem  5.2  la  vary  similar  to  the  proof  of  Theorem  5.1.  The  main 
difference  is  that  we ,  this  time,  work  in  the  apace  H*  of  measures  Md»  vanishing  on 
(-“, 0),  and  that  we  invert  the  determinant  of  U  4  e*(av-v)  in  (5.18)  in  an  elementary 
way.  using  a  norm  estimate,  instead  of  [13,  Satz  7j  . 

Fix  an  arbitrary  a  <  p^,  define  e(t)  »  exp (at)  (t  *  0),  ett)  -  0  (t  <  0),  and 
write  (5.13)  in  the  form 


rd(z)  -  e(z)  [W(z)  e(z)(au(z) 


A  _i 

w(z>)] 


A(e)  adj fu(z)4e(z) (au(z)-v(z) )] 
det[M(z)4e(z) (aw(z)-v(z) )] 


If  we  choose  d  >  p  ,  then  e,  M,  v  e  m*,  and  if  we  can  find  an  inverse  to 
B  d 

det(w  4  e*(ay  -  v))  in  M*  then  (5.20)  defines  a  solution  rd  of  (5.11)  in  M*.  As 

M*  C  »*  C  for  every  1  >  d,  the  uniqueness  of  the  solution  of  (5.11)  in  yields 

r^  -  rd  for  1  *  d.  Thus  it  only  remains  to  find  d  >  P*  such  that  [d,“)  C  n, 

det  D(z)  i>  0  for  Re  z  >  d,  and  such  that  det(W  4  e*(aw  -  v)  has  an  inverse  in  M*. 

a 

As  u  is  atomic  at  zero,  and  v  +  a* (an  -  v)  has  the  same  discrete  part  as  l>,  the 

measure  det(u  4  e*(®u  -  v))  has  a  point  mass  at  the  origin  of  size  det  w({o})  f  0. 

Define  a  «  det  W({o}),  and  put  q  “  ai  -  det(W  4  a*(op  -  v)).  By  Lebesque’s  dominated 
convergence  theorem, 

,q,X  “  ■C  — Xt-ldlqlft)  *  0  (X  4  ->  , 

so  we  can  find  a  constant  d  *  p  such  that  Iql  <  I a | .  As  lq/a>  <  1,  the  measure 

W  d 

a*  -  q  «  dettu  4  a* (aw  -  v))  has  a  (convolution)  inverse  in  M*,  which  one  gets  by  simply 
expanding  (ai  -  q)  1  into  a  (convolution)  power  series.  Thus,  there  exists  a  measure 
p  0  M*  (i.e.  p  ■  (a5  -  q)”1)  such  that  p  *  det(W  4  e*(®u  -  v>)  «  Sf  and  so  (5.20) 
defines  a  solution  r^  0  M*  of  (5.11).  The  Laplace  transform  of  rd  converges  absolutely 
for  Re  z  >  d,  so  necessarily  det  D(z)  ?  0  (Re  z  >  d) .  That  [d,“)  C  ft  follows  from 
the  fact  that  for  X  >  d. 
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By  applying  Theorems  5.1  and  5.2,  we  get  solutions  to  (4.10),  (4.11)  of  the  form 
(5.51,  (5.6). 

In  Section  5  we  worked  with  the  dominating  functions  *1,  and  n„  ,  defined  in 

(5.9) ,  (5.10).  The  number  X  in  Theorem  5.1  determines  the  growth  rate  of  the  solution  of 

(4.10) ,  (4.11)  that  we  obtain  by  using  the  resolvent  r^.  Below  we  will  have  to  replace 
our  original  fading  memory  spaces  by  the  spaces  that  one  gets  by  choosing  the  influence 
function  to  be  either  n.  or  na  _.  Observe  that  n»  _  «  n_  ..  If  a  <  B,  the  n  „  is 
no  longer  a  dominating  function,  but  it  is  still  an  influence  function  dominated  by  n„  . 

PfO 

Also  note  that  my  (2.5),  (2.6)  and  (4.4),  1(t)  >  ( t )  (t  >  0,  X  >  p#). 

When  we  say  below  that  a  solution  x,  y  of  (4.10),  (4.11)  belongs  to  "the  appropriate 
fading  memory  space  with  influence  function  1X",  we  mean  that  if  f^,  g^  e  BUC(n),  then 
x,  y  e  BUC(nx),  if  ft,  gt  8  BCQ(n),  then  x,  y  e  BC0(nx),  and  if  f,,  g1  e  LP(n), 

1  4  p  4  »,  then  x,  y  e  LP(nx). 

Lemma  6.1.  Let  rx  e  L^,  with  dr  e  Mx  be  a  solution  of  (5.11),  and  define 

(6.1)  xx  -  rx*g1  -  drx*f1  , 

(6.2)  yx  -  u*rx*g1  -  v*rx*f . 

Then  xx,  yx  belong  to  the  appropriate  fading  memory  space  with  influence  function  nx, 
and  xx,  yx  is  a  solution  of  (4.10),  (4.11). 

Actually,  the  solution  xx,  yx  in  Lemma  6.1  is  unique,  i.e.  no  other  solution  x,  y 
of  (4.10),  (4.11)  belongs  to  the  appropriate  fading  memory  space  with  influence  function 
1X*  However,  we  do  not  rely  on  this  fact  below,  and  we  leave  the  uniqueness  proof  to  the 


Proof.  That  x^,  belong  to  the  right  space  follows  from  Lemna  2.1.  Use  (5.11),  (6.1). 
(6.2)  and  Lemmas  3.S  and  3.6  to  get 

P'x^  +  fj  -  w*rx*9i  u*dr\)*f'\  “  y  ' 

v*x^  +  g1  »  <5  +  v*r^)*g1  -  v*dr^*f1  » 

»  U*dr^*g1  -  v*dr^*fj  ■  y'  . 


This  means  that  x^,  y^  satisfy  (4.10).  (4.11). 


□ 


Lemma  6.2.  In  addition  to  the  assumption  of  Lemma  6.1,  suppose  that  vanishes  on 

(-*,0).  Then  x^,  y^  satisfy  x^(t)  -  x(t),  y^(t)  -  y(t)  (t  <  0),  where  x  and  y 
are  given  by  either  (4.5),  (4.6)  or  (4.12),  (4.13). 

Proof.  By  (4.15),  (4.16)  (or  (4.8),  (4.9)),  (5.11),  (6.1),  Lemmas  3.5  and  3.6,  and  the 
fact  that  r^  vanishes  for  t  <  0,  we  have  on  the  interval  (-**,0), 


xX  "  rA*g1  ‘  ^A^l 
»  rK*(y'  -  v*x)  -  dr^ly  *  U*x) 

»  rx*y'  -  dr^*y  +  (drX*'1  “  r\*u>*x  “  x  » 

so  x^(t)  “  x( t )  for  t  <  0  (almost  everywhere  in  the  LP-case).  By  (4.10),  for  t  <  0, 

y^  «  11‘x^  ♦  f1  -  U*x  ♦  f1  "  y,  so  also  y^(t)  ■  y(t)  for  t  *  0. 

□ 

Lemma  6.3.  Let  rfl  and  r^  be  as  in  Lemna  6.1,  with  a  <  0.  Then 

xa  8  ~  x8  ”  xo  and  Ya  g  “  Yg  ~  Ya  belong  to  the  appropriate  fading  memory  space  with 

Influence  function  na  g ,  and  xa  g  y<,  g  is  a  solution  of  the  homogeneous  equations 
(1.71,  (1.8). 

This  is  a  direct  consequence  of  Lemma  6.1  and  the  fact  that  g  *  mintn^hg). 

Lemma  6.4.  Let  l®, 6)  c  0,  with  det  D(s)  ^  0  on  the  lines  Re  s  *  a  and  R#  s  -  8. 

Then  det  D(x)  has  at  moat  finitely  many  Eeros  r^,  1  <  j  <  m,  of  finite  order  kj  in 
the  strip  a  <  Re  s  <  8.  Moreover.  xa  g  and  ya  g  In  Lemma  6.3  are  of  the  form 
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(6.3) 


*a  8(t)  “  E  P.i(t* 
j-1  3 


.V 


(6.4) 


r  V 

y,  B(t)  -  1  qjtle  3 

3'p  j-i  3 


where  Pj  and  g j  are  polynomials  of  degree  at  moat  kj  -  1.  In  particular.  If 
det  0(r)  y  0  In  the  atrip  a  <  Re  z  <  9,  then  x^  ft  «  yr  „  ~  0. 


d,9  *a,9 

The  proofs  of  (6.3)  and  (6.4)  are  completely  similar,  so  we  prove  only  (6.3)  below. 

1 


Proof.  Recall  that  the  resolvents  r^  in  Theorem  5.1  satisfy  6  ^+e  and 

dr^  e  x+e  for  some  £  >  0.  In  particular,  r^  e  and  dr^  8  for  every  X^ , 

X  <  X^  <  X^  ♦  e.  By  the  uniqueness  of  the  solution  r^  in  ■  r^  for 

X  <  X^  <  X+e.  The  interval  la, 9]  is  compact,  so  if  det  0(e)  >•  0  for  a  <  Re  s  <  9, 


then  we  must  have  r. 


r  “  r-  for  every  X  e  [o,9l.  In  particular, 
a  p 


x  „  ■  (r«  -  r  )*g,  -  (dr-  -  dr  )*d,  ■  0,  and  we  have  proved  the  last  statement  of  lemma 
“  P  Q  1  p  Cl  l 


a,9 

6.4. 


That  det  O(s)  can  have  at  most  finitely  many  Eeros  of  finite  order  in  a  strip 
X  <  Re  x  <  X+e  was  established  in  the  proof  of  Theorem  5.1  (the  lines  following  (5.15)). 
By  the  compactness  of  the  interval  la, 9),  the  same  is  true  in  the  whole  strip 
u  <  Re  z  *  9. 

To  get  (6.3)  in  the  general  case  we  go  back  to  the  proof  of  Theorem  5.1.  Fix  X, 
a  <  X  <  9.  Analogously  to  (5.15),  we  can  find  X^  and  X^,  with  a<X1<X<Xj<9 


such  that 


inf  | (det  U).(z)|  >  I (det  W)  I. 
X^Re  z<X2  d  8  *1 


Then  the  solution  q  of  (5.17)  satisfies  q  e  M.  .  .  If  necessary,  modify  the  values  of 

V*2 


X1  and  X2  slightly  to  ensure  that 
(6.5) 

Recall  that 


det  D(e)  ?  0  (He  i  ■  X  ,  J  ■  1,2) 


f,,  g1  e  Lj  ^  (since  X^  >  P, ).  By  (5.13 


)  and  (6.1),  on  the  lines 


Re  z  «  X^  (j  •  1,2), 


(6.6) 


x^  (z)  -  D  \z)g1(z)  -  zD  '(zlf^z) 
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The  same  argument  aa  in  Section  5  shows  that  the  right  hand  side  of  (6.6)  is  a  vector  of 

(extended)  locally  analytic  functions  on  the  maximal  ideal  space  (t  8  C  <  Re  j  <  1^} 

of  lJ  ,  ,  with  a  finite  number  of  poles  at  the  zeros  z4  of  det  D(z)  that  lie  in  the 
*1'*2  J 
strip  X^  <  Re  <  X2  (see  [30,  Definitions  3.2  and  7.1]).  n>e  pole  at  z^  is  of  order 

at  most  k .  .  Apply  [30,  Theorem  3.6]  to  the  components  of  this  vector  to  get  a  function 


8  L?  ,  (c")  and  constants  6  .  (1  <  1  <  k. ) 

2  1 » 3  J 


such  that 


*X  <*> 


l  8.  .  (z-z  )”  a(z) 

»,<*•  zj<X2  3 


for  Re  z  -  X^  (j  -  1,2).  Take  the  inverse  transform  of  (6.7)  for  j  »  1  and  j  -  2  to 
get  for  almost  all  t. 


xX  (t>  “ 


a(t)  (t  <  0)  , 


1-1  z.t 


e  J  (t  >  0)  , 


1-1  z  t 


xx  (t) 


l  e,  4  TTrrrr  • 1  (t  < 

X.oie  z^X,  (1  1)1 


1'*“  "j'  2 


alt)  (t  >  0) 


Subtract  (6.7)  from  (6.8)  to  get 


1-1  zfc 


x.  (t)  -  x.  (t)  -  I 

2  1  X^<Re  z3<X2 


\  <x  Bi,j  TT^TJT  *  (teR>  * 


The  final  oonclusin  now  follows  in  the  same  way  as  in  the  case  when  det  D(z)  has  no  zeros 
in  the  strip  a  <  Re  z  <  8  . 


We  are  finally  ready  to  state  and  prove  our  main  result.  We  give  two  formulations, 
one  for  the  continuous  case,  and  one  for  the  LP-case. 


Theorem  6.5.  Let  (a, 6]  0,  and  assume  that  det  D(z)  i1  0  on  the  lines  Re  *  »  o  and 

Re  z  ■  8.  Then  the  continuous  solutions  x  of.  (1.1),  (1.2)  can  be  written  as  a  unique  aum 
x  “  *S  *  *C  +  *0*  wt>ere  *8  la  a  solution  of  (1.1),  xc  and  Xy  are  solutions  of 
(1.61,  xg  and  Xy  satisfy 

<6.91  |xg(t)|  »  0(exp(at) )  (t  ♦  ■)  , 


'Vt,! 


0(exp((8+e)t))  (t  ♦  -»)  , 

O(expldt)  (t  *  •) 


(where  d  is  the  constant  in  Theorem  5.2,  and  e  >  0),  and  xc  Is  an  exponential 


(6.11) 


?  V 

„<t)  -  [  P,(t)e  3 

j-1  3 


Here  z^  (1  <  j  *  m)  are  the  zeros  of  det  D(z)  in  the  atrip  a  <  Re  z  <  B,  and  are 

lynomials  of  degree  at  moat  one  lesa  than  the  order  of  the  zero  z^.  In  particular,  it 

det  D(z)  j*  0  for  a  <  Re  z  5  B,  then  Xy  -  0.  If,  B  >  d,  then  Xy  •  0.  Xf_  a  -  p#  and 

(5.12)  holds,  then 


(6.12) 


xg  e  BUC(h)  , 


and  if  moreover  ♦  e  BCfl(R  jn),  f,  g  e  BCgIR  >n),  then  xg  e  BC0<n). 

Theorem  6.6.  Let  (<*,B1  C  0,  and  assume  that  det  D(z)  +  0  on  the  lines  Re  z  ■*  o  and 

Re  z  “  8.  Then  the  L^-solution  (1  <  p  <  “}  of_  (1.2)  -  (1.5)  can  be  written  as  a  unique 
sum  x  -  xs  +  Xj,  ♦  Xy,  y  m  yg  +  yc  ♦  yu.  where  xs,  yg  ia  a  solution  of  (1.3),  (1.4), 

xc»  yc  and  Xy,  yy  are  solutions  of  (1.7),  (1.8),  and  the  components  satisfy  the 

following  conditions.  Let  d  he  the  constant  of  Theorem  5.2,  let  £ 


(6.14) 


(t  <  0) 


V*' 


f  exp(-(B+e)t) 

V  exp(-dt)  (t  >  0) 


P  P 

Then  xg,  yg  e  L  (hg ) ,  and  x^,  y0  8  L*(no).  The  central  components  Xj,  and  yc  are 
exponential  polynomials 


(6.15) 


■  *,t 

I  Pi(t)e  i  , 
j-1  3 


(6.16) 


yc(t) 


■  *t 

I  q.(t>  e  3  , 

j-1  3 


where  z ^  (1  <  j<  m)  are  the  zeroa  of  det  D(z)  in  the  atrip  a  <  He  i  <  B,  and  p^, 

qj  are  the  polynomials  of  degree  at  most  one  leae  than  the  order  of  the  aero  s^.  In 
particular.  If  det  D(z)  y  0  for  a  <  Re  z  <  6,  then  x^,  «  yc  *  0.  If,  B  >  d,  then 
*0  -  yjj  -  0.  If,  «  ”  P.  and  (S.12)  holds,  then  xg  ,  yg  e  Lp(n). 

Clearly,  one  gets  Theorem  6.5  from  Theorem  6.6  by  substituting  throughout  BUC  or 
BCq  for  I/P.  The  proofs  of  the  two  theorems  are  completely  similar,  so  we  give  a  combined 
proof. 

Proof.  Define 

(6.17)  *S  -  *  +  V  XC  “  XB  ‘  V  *U  *  Xd  *  XB  * 

(6. 18)  ys-ya,  yc-y„-ya,  y„  -  ^  • 

where  the  functions  on  the  right  hand  side  are  defined  as  in  Lemma  6.1,  with  the  resolvents 
constructed  in  Theorem  5.1  and  5.2.  Then  x»xg+xc  +  xD“x(j+$,  and 
y  "  yg  ♦  yc  +  yu  -  Yd*  *°  hy  Lemmas  6.1  and  6.2,  and  by  the  construction  in  Section  4,  x, 
y  is  the  solution  of  (1.2)  -  (1.5)  (or  (1.2  -  (1.4)  in  the  continuous  case).  That  the 
components  satisfy  the  right  equations  and  have  the  right  growth  rates  follows  from  (6.17), 

(6.18) ,  Lemma  2.1,  Theorem  5.1  and  Lemmas  6.1  and  6.3.  Lemma  6.4  tells  us  that  Xg,  yc 
are  of  the  given  form.  Finally,  if  B  >  d,  then  by  (6.1),  (6.2),  (6.17),  (6. IB)  and 
Theorem  5.2,  x^  «  y^  •  0. 
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sttsi 


That  tha  decoapoaition  in  Theorem  6.S  and  6.6  is  unique  follow#  from  the  fact  that  the 

different  componenta  have  different  exponential  growth  rate.  Let  x  »  xg  ♦  xc  +  x^, 

y  ■  y  +  y  ♦  y  be  another  decomposition,  and  define  x  ■  x  -  x  ,  y  “  y  -  y_,  etc. 
SCU  s  s  s  s  D  3 

Then  x  “  xs  +  xc  +  x^,  y  »  yg  +  yc  ♦  yg  is  a  solution  of  (1.2)  *  (1.5),  with 
♦•f-g-y-0,  so  by  the  uniqueness  of  the  solution  of  (1.2)  -  (1.5),  x  ■  y  -  0. 

Thus,  Xjj  -  -(xg  ♦  xc),  yy  -  -(yg  +  yc),  and  by  using  the  growth  estimates  that  we  have  on 
the  different  components,  one  can  show  that  x^,  yQ  6  L  (h^  ),  where  is  the  function 

defined  in  (5.9),  with  A.)  «  8  +  e/2,  and  e  is  the  constant  in  (6.14).  is  x^,  yu  is  a 
solution  of  (1.7),  (1.8),  we  must  have 

DlsHXy)  (x)  -  0  (Re  x  -  A1)  . 

But  det  D(x)  y  0  on  the  line  *»  i  •  (because  r ^  in  Theorem  5.1  belongs  to 

.  ~  '  1  ~ 

L  (h^  )),  so  necessarily  (xg)  (x)  ■  0  (Re  x  ■  A^),  i.e.  x^  “  0.  By  (1.7),  also 

yo  -  o.  This  Mans  that  x  -  -xg,  yc  “  yg,  and  by  comparing  the  growth  rates  of  the  left 

and  right  hand  aides  we  find  that  x^,  «  -  0.  Clearly  then,  also  Xg  -  yg  m  0,  and  the 

decomposition  is  unique. 

□ 

Remark  6.7.  If  the  initial  data  belong  to  w'^Cl),  1  <  p  <  •»  then  by  Lexmms  3.5  and 
3.6,  and  the  way  in  which  we  constructed  and  decomposed  the  solutions,  x  and  its 
components  belong  to  W1,p,  and  y  and  its  components  belong  to  W*'p,  with  the 
appropriate  influence  functions.  Here  W  ,F(h)  consists  of  functions  y  such  that  y, 
y*  and  y"  all  belong  to  LP(n ).  When  p  »  this  tells  us  that  Lipschitx  continuity 
is  preserved. 

7.  A  Semigroup  Interpretation 

Our  decomposition  theorems  can  be  interpreted  in  a  semigroup  setting.  For  simplicity 
we  discuss  only  the  homogeneous  equation 

(7.1)  j£(U«x(t))  -  v«x(t)  (t  «  R*)  , 

with  initial  condition 

(7.2)  x(tl  -  ♦( t )  (t  8  R-) 


i 
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in  the  continuous  case,  and  the  corresponding  homogeneous  equations 

(7.3)  M*x(t)  -  y(t)  (t  e  R+l  , 

(7.4)  y'(t)  -  v*X(t)  (t  e  R+)  , 

with  initial  condition  (7.2)  and 

(7.5)  y(0)  -  yQ 

in  the  L^-case.  The  semigroup  generated  by  (7.1),  (7.2)  is  somewhat  different  from  the 
semigroup  generated  by  (7.2)  -  (7.5),  so  we  discuss  the  two  case  separately. 

First  consider  the  continuous  case.  Let  x  be  the  solution  of  (7.1),  (7.2),  let  A 
be  the  combined  translation  and  restriction  operator  defined  in  (2.20),  and  define 
operator  T(t)  for  t  8  R+  by 

(7.6)  T(t)$  -  AfcX  . 

Then  T(t )  maps  BUC(R  ihic")  into  itself,  and  it  has  the  semigroup  property 
T(s+t)  ”  T(s)T(t)  (s,  t  8  R+).  By  the  definition  of  BUC(n),  the  translation  operator 
T  is  strongly  continuous  in  BUC(n),  and  this  implies  that  T(t)  is  Btrongly 
continuous  in  BUC(R~in).  Thus,  T(t)  becomes  a  strongly  continuous  semigroup. 

We  claim  that  the  domain  D(A)  of  the  generator  A  of  T(t /  is  the  set 

(7.7)  D( A)  »  {♦  e  BOC1(r"»i\)|m*4,{0)  -  «•♦((>)} 
and  that 

(7.8)  (♦  C  D(A))  . 

Here  f’(tl  is  the  ordinary  derivative  of  $(t)  for  t  <  0,  and  t'(0)  is  the  left- 
derivative  of  4  at  zero. 

By  the  definition  of  the  generator  of  a  semigroup  [25,  p.  302], 

(7.9)  A$  ■  lim  h  *  (A  x  -  ♦)  «  lia  h  '(A  x  -  A  x) 

h*0t  h  h*(H  h  ° 

with  D( A)  consisting  of  those  $  e  BUC(R~ , n )  for  which  this  limit  exists  in  BUC(R  in) 
In  particular,  (7.9)  implies  that  x  has  a  continuous  right-derivative  x*  +  *  for  t  <  0 
hence  x(t)  ”  ♦(t)  has  a  continuous  derivative  ♦,(t)  -  x*+*(t)  for  t  <  0  (where 
$'(0)  stands  for  a  left-derivative),  and  that  ■  ♦'  8  BUC(R  in). 


Conversely,  suppose  that  ♦  e  BUC(R~>n)  has  a  derivative  e  BUC(R  in),  and  that 
x  has  a  right-derivative  x*+,(0)  at  zero,  with  x*+,(0)  -  ♦*(<>)  (where  ♦’(0)  again  is 
the  left-derivative  of  ♦  at  zero).  Then  x  has  a  right-derivative  x*+>  e  BUC(R~in>, 
and  by  the  half-line  version  of  Lemma  3.4,  the  limit  in  (7.9)  exists  and  equals  .  In 
particular,  4  e  D(A) *  This  shows  that  (7.8)  holds,  and  that  D( A)  consists  of  exactly 
those  $  8  B0C(R*in)  satisfying  ♦*  e  BUC(R~in)  for  which  ♦'(0)  -  x,+)(0).  To  get  (7.7) 
one  must  identify  the  condition  ♦'(0)  «  x*+,(0>  with  the  oondition  U*$'(0)  «  v*$(0).  We 
leave  this  step  to  the  reader,  as  it  is  essentially  the  same  argument  as  in  the  case  of 
finite  delay  (cf.  (18,  Thm.  10.1,  p.  307]). 

With  the  aid  of  Theorem  6.5  one  can  deoompose  BUC(R~in;Cn)  into  three  invariant 
subspaces,  BUC(R  ;n;Cn)  -  S  •  C  8  0,  where  S  is  a  "stable*  subspace ,  C  is  a  "central" 
subspace ,  and  U  is  an  "unstable"  subspace. 

Theorem  7.1  .  Let  (x,8]  C  SI,  and  assume  that  det  D(z)  f  0  on  the  lines  Re  z  •  a  and 
Re  z  -  8.  Then  BUC(R  i1»Cn)  can  be  decomposed  in  a  unique  way  into  subs paces  s,  C  and 
U,  with  the  following  properties.  The  subspaces  C  and  0  are  contained  in 
BCg (R  ,n,Cn).  Let  Tg(t),  Tc(t)  and  T0(t)  be  the  restrictions  of  T(t)  to  8,  C 
and  U.  Then  Tc(t)  and  T0(t)  can  be  extended  to  groups  on  C  and  u,  and  Ts(t) 
and  Tu(t)  satisfy 

(7.10)  ,TS (t > I  -  0(exp(«t>)  (t  +  ”)  , 

f  0(exp( (3+e)t) )  (t  ♦  -“) 

(7.11)  IT  (t)|  -  < 

v  o(exp(dt)  (t  ♦  •>  , 

where  d  la  the  constant  in  Theorem  5.2,  and  e  >  0.  The  subspace  C  is  finite 
dimensional,  and  it  la  spanned  by  functions  ♦  of  the  form 

m  z,t 

(7.12)  *<t>  -  I  p  (t)e  3  (t  <  0)  , 

j-1  3 

where  z^  (1  <  j  «  m)  are  the  zeros  of  det  D(z>  in  the  strip  a  <  Re  z  <  8,  and  pj 
are  polynomials  of  degree  at  most  one  less  than  the  order  of  the  zero  z ^ .  In  particular, 
if  det  D(z)  0  for  a  <  Re  z  <  8,  then  C  -  {o} .  lt_  8  >  d,  then  u  -  (o) .  Finally, 
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,n 


ir  a  »  p#,  9  e  BCglR  »nic  i,  ana  n  nas  cne  relaxation  property,  tnen 

(7.13)  Tg(t)$  -  o(exp(P#t) )  (t  ♦  •)  . 

For  a  version  of  Theorem  7. 1  with  finite  delay  (and  with  the  singular  part  of  P 

identically  zero),  see  [22,  Theorem  4.1  and  4.2].  The  dimension  of  C  is  actually  equal 

to  the  sum  of  the  orders  of  the  zeros  of  det  D(z)  in  a  <  Re  z  <  6;  see  [36). 

Proof.  We  shall  use  Theorem  6.5  to  define  projections  Ps,  Pg  and  Pg  of  BUC(R  >n) 
onto  S,  C  and  U.  For  every  $  e  BUC(R  j n ) ,  let  x  be  the  solution  of  (7.1),  (7.2), 

split  it  into  xg  +  Xg  +  Xg  as  in  Theorem  6.5,  and  define  Ps<>  -  Ao*S'  PC^  *  *0*0'  an<5 

=  AoV  The  functi°n3  and  g^  defined  in  (4.15)  -  (4.16)  are  continuous,  linear 

functions  of  ♦  ,  and  the  functions  AgXg,  *gxc  and  depend  linearly  and 

continuously  on  f ^  and  gf.  This  means  that  Pg,  Pg  and  Pg  are  continuous,  linear 

operators.  They  are  projection  operators,  because  xg,  Xg  and  Xg  all  satisfy  (7.1),  and 

the  decomposition  in  Theorem  6.5  is  unique.  For  the  same  reason  they  commits  with  T(t) 
for  t  »  0.  By  (7.2),  Pg  +  Pg  +  Pg  is  the  identity  operator.  Thus,  defining  8,  C 
and  U  to  be  the  ranges  of  Pg,  Pg  and  Pg,  we  find  that  S,  C  and  U  are  closed, 
invariant  subspaces  of  BUC<R~;1)  with  BDC(R*>ti)  >  S  •  C  •  0.  As  Xg  and  x„  satisfy 
(1.6),  we  can  define  Tg(t)  and  Tg(t)  also  for  negative  t,  and  Tg(t)  and  Tg(t) 
become  groups.  That  Tg  and  Tg  satisfy  the  growth  properties  (7.10),  (7.11)  and  (7.13) 

(if  necessary,  redefine  n  so  that  n(t)  “  expf-P^t)  (t  >  0)  to  get  (7.13))  follows  from 
(6.17),  Lemmas  2.2,  2.4  and  6.1,  and  Theorem  5.1.  That  C  is  spanned  by  functions  ♦  of 
the  form  (7.12)  follows  from  (6.11),  and  clearly  C  is  finite  dimensional.  If  8  >  d, 

then  by  Theorem  6.5,  0  ■  {o}.  Finally,  the  uniqueness  of  the  decomposition  in  Theorem  7.1 

is  a  consequence  of  the  uniqueness  of  the  decomposition  in  Theorem  6.5. 

□ 

Now  consider  the  L^-case.  Let  x,  y  be  a  solution  of  (7.2)  -  (7.5),  and  define  the 
operator  Q(t)  on  c”  *  L**(R  jhiC)  by 

(7.14)  Q(t)(y0,t)  -  (yitl.A^x)  . 

Then  Q(t)  maps  Cn  *  LP(R  jH;C)  into  Itself,  it  has  the  semigroup  property  Q(s+t)  “ 
Q(s)Q(t)  (s,  t  e  R+),  and  it  is  strongly  continuous  if  p  <  “.  In  the  sequel  we 
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therefore  restrict  the  values  of  p  to  1  <  p  <  ".  One  argues  as  in  [31  to  show  that  the 
domain  0(B)  of  the  generator  B  of  Q  is  given  by 

(7.15)  {(y,$)  e  c"  x  W1,P(R*»n»C)  1  U*»<0)  -  y) 
and  that 

(7.16)  B(y,$)  -  («*♦,  ♦*)  . 

Using  Theorem  6.6  one  can  again  decompose  cn  *  LP(R  »n»C)  into  three  invariant 
subspaces,  just  as  in  Theorem  7.1.  The  result  that  one  gets  is  very  similar  to  Theorem 
7.1,  and  its  proof  is  almost  identical  to  the  proof  of  Theorem  7.1.  Therefore,  we  leave 
the  formulation  and  the  proof  of  Theorem  7.2  to  the  reader. 


8.  Some  Additional  Comments 

In  Section  4  we  started  with  a  dominating  function  P  on  R+  satisfying  (4.3), 
extended  it  to  R,  and  let  1  be  an  influence  function  dominated  by  P.  For  instance,  if 

P(t)  »  (1  +  t)Y  (t  >  0)  for  some  positive  constant  Y,  then  we  take  P(tl  ■  1  (t  <  0), 

and  we  can  choose 

_  f  (1  +  | t | ) ”Y  (t  <  01  , 

(8.1)  D(t)  -  P(t)  -  \ 

1  (t  >  0)  . 

This  influence  function  tends  to  zero  as  t  ♦  -»  (but  not  exponentially  I,  and  it  has  the 
relaxation  property. 

On  the  other  hand,  one  could  also  follow  the  spirit  of  [41]  and  [44)  and  start  with  a 
dominating  function  P  on  R~,  assume  that  it  satisfies  a  condition  similar  to  (4.3), 
extend  it  to  all  of  R,  and  choose  n  “  P.  Of  course,  then  (4.4)  is  no  longer  true,  but 
that  causes  only  minor  modifications  in  the  main  theorems  (it  affects  the  growth  rates  of 
the  stable  components  in  the  case  when  u  ■  P,J.  A  more  serious  problem  with  this  approach 
is  that  one  cannot  obtain  growth  rates  for  h  anywhere  close  to  those  in  (8.1),  because  by 

(3.1) ,  if  a  submultiplicative  function  tends  to  zero  at  infinity,  then  it  does  so  with 


exponential  rate 


We  have  assumed  throughout  that  U  is  atomic  at  zero.  This  assumption  is  used 
essentially  only  to  assure  forward  existence  and  uniqueness  for  the  solutions  of  (1.1), 
(1.2)  or  (1.2)  -  (1.5).  Even  without  it  the  technique  used  here  yields  forward  existence 
in  the  stable  and  central  subspaces,  and  backward  existence  in  the  central  and  unstable 
subspaces.  There  is  an  example  in  [3]  of  an  equation  for  which  one  has  forward  existence 
and  uniqueness  without  M  being  atomic  at  zero,  and  our  main  theorems  could  be  modified  to 
apply  to  that  equation. 

One  can  sharpen  Theorem  5.1  and  subsequent  results  slightly  by  appearling  to  [30, 

Section  8J  rather  than  to  [13,  Satz  7].  This  permits  one  to  replace  *(det  in  (5.7) 

and  p(t)d|(det  0)  |(t)  in  (5.12)  by  the  spectral  radii 
0  s 

lio  l(det  Ji)  nlMn 
n—  8  * 

and 

lim  [/"  P(t)d|  (det  M)*n|(t))Vn  , 

n*“  8 

*n 

respectively,  where  (det  p )  stands  for  the  n-fold  convolution  of  (det  |i)  with 

8  8 

itself.  For  more  details,  see  [30,  Section  8]. 
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